Noncommutative quantum mechanics in the presence of delta-function potentials by Yelnikov, A




























































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































2to dene Æ()	(; ) for wavefunctions behaving near the
origin as
	(; ) =  
0
log() +  
1
+ O(): (3)
where  is an arbitrary dimensional parameter. Formal
integration of eq.(2) over a small disk of radius  followed












which we should take as a boundary condition on a wave-
function. More detailed derivation of (4) can be found in
[5].
With these ideas in mind we can rewrite (2) for an










E	() = 0 (5)
which for
~










as a solution. Here K
0
(x) is the modied Bessel function
of the third kind [19]. From the asymptotic behaviour of
	() near the origin, namely,






   + O() (7)
and the boundary condition (4) we nd an expression for











Therefore this theory provides us with an example of a
spontaneous breakedown of scale invariance where bound
state energy is set by an arbitrary dimensionful parame-
ter .
B. Noncommutative case
In complete analogy with commutative case we can
write the Schrodinger equation for a particle moving in




























Æ(x^) is dened in (A11).
In momentum space equation (9) becomes
(pp 
~



























Equation (10) is an integral equation for momentum
space wave-function which, in general, is diÆcult to solve.
But the solution of this particular equation is greatly







when applied to the r.h.s of (10) gives zero, and, there-













E)(p; p) = 0 (12)
This last equation is easy to solve and, after we pass to
the eigenstates 
n



























; n = 0;1;2; : : : (14)
for
~
E < 0, while for positive energies eq.(12) admits an























By direct substitution, it can be veried that eq.(15)
gives a complete set of scattering states provided that
constants C
n




































for n  0, and C
n



















	(n + 1; n+ 1; a)
and where 	(a; b; c) is the conuent hypergeometric func-
tion.
Similar analysis shows that Eqs.14 also satisfy
Schrodinger equation for n  0 only, thus giving us bound
state solutions the number of which, as well as their ener-



































FIG. 1: Example of graphical solution of eigenvalue equation
(14). In this case we have two bound states.
Example of a graphical solution of these equations is
presented in Fig.1, from which it can also be seen, that
like in commutative case, the radially symmetric solution
(n = 0) exists for arbitrary strength of attractive po-
tential but, unlike the commutative case, for suÆciently
strong potentials (when dimensionless coupling j
0
j > 1)
this problem also admits bound states with nonzero an-
gular momentum (n > 0), the number of such solutions
being a function of 
0
only. It is also instructive to look
at limiting cases of very strong and very weak binding
potential more closely.
1. Large coupling (jj  1)
































































and we see that bound state spectrum in this case co-





2. Small coupling (jj  1)
In this case only one solution of (17) exists correspond-





 1. Therefore, we can use
the asymptotic form of I
n
(a) for small a's which is
I
0
(a) =   ln jaj    + O(jaj ln jaj) (18)
 = 0:5772 : : : ; Euler's constant (19)



















Comparing this last expression with (8) we see that this




the ro^le of parameter 
2
in commutative case.
III. FERMIONS IN A MAGNETIC VORTEX
BACKGROUND
A. Commutative case
In this section we briey review the solutions of a mas-
sive Dirac equation in the Aharonov-Bohm background
eld of an innitely thin magnetic vortex carrying mag-
netic ux . This presentation closely follows Ref.[17].
The electromagnetic potential describing such eld con-







. A has a well known property of being
locally a pure gauge.
The Dirac equation for this problem is
(i 6@+ 6A m)	(t; r; ) = 0: (20)











































() = 0 (22)










































(x) denotes the Bessel functions and 
n
is taken to
4be either+1 or  1 to assure regularity of spinor compo-
nents at the origin. This choice of the sign for 
n
can
always be done except for the partial wave with
 1 <  < 0 (24)
in which case both choices of sign lead to solutions that
are square integrable, though singular in one component,
at the origin. To avoid a loss of completeness in angular
basis, a family of self-adjoint extensions of Dirac Hamil-
tonian is required. These extensions are parametrized
by a single parameter 0    2 (not to be confused
with noncommutativity parameter ) and restrict the be-
































































































































On the noncommutative plane it is convenient to use











































an explicit expression for vector potential can be written

































The Dirac equation for this problem formally coincides
with eq.(20) in commutative case
(i 6@+ 6A m)	 = 0: (35)
if we require that gauge connection acts from the left on











































which leads to the second order equations for each of the

































































the equation for 
1





as compared to the equation satised by 
2
. In a
5commutative limit this term is proportional to Æ(x)
1
(x)
and is equal to zero as long as 
1
is regular at the origin.





















































for n = 0; 1; 2; : : : .







































) = 0 (44)
where again we used  = n+. These recursion relations


















































(x) the generalized Laguerre polynomial.
For n = 0; 1; 2; : : : recursion relations are the same as
(43) but "boundary" conditions (44) are dierent (note













































































































































) = 0 (49)
and ensures that conditions (46, 47) are obeyed. It is an
easy task now to check that eqs.(45), (48) do also satisfy
the rst order Dirac equations (37) and, therefore, give
a complete set of angular momentum eigenstates for our
problem.
IV. CONCLUSIONS
In this paper we have studied noncommutative gen-
eralizations of quantum mechanics in the presence of Æ -
function potentials. It was found that noncommutativity
of space-time can be used to provide an intrinsic regular-
ization of the theories in question. Using the star product
formalism we found analytically all the solutions of that
problem . The folowing remarks, however, are in order:
1. The apparent asymmetry between holomorphic and
antiholomorphic solutions in, for example (15), can
be understood if one notes that action of noncom-





	 = 0 (50)
and, therefore, in our model these modes are free,
i.e. they are described by Schrodinger equation (9)
6with kinetic term only. However, the highly non-
trivial action of the same operator on holomorphic
wavefunctions gives rise to a nite number of ex-
tra bound states with nonzero angular momentum.
These states do not have any commutative ana-
logues and disappear from our theory in the limit of
vanishing  as well, while in the limit of strong non-
commutativity the spectrum of these states coin-





2. For Dirac particles we can use the correspondence


















to show that commutative limit of our solutions















which after camparison with eq.(26) tells us that
commutative limit of our model corresponds to
 = 3=2 which probably explains the absence of
bound states in our model, since in commutative
limit bound states exist only if =2 <  < 3=2.
3. The simple ansatz used to nd vector potential is
valid only if condition 1 
e
2
> 0 is satised. It is






Throughout this paper we work in 2 + 1 dimensional






] = i: (A1)










so that (A1) becomes
[z; z] = 2 (A3)
and z; z can be thought of as a pair of creation-
annihilation operators acting in the space of Fock states











zj0i = 0: (A4c)
Algebra of functions on the noncommutative plane is
then equivalent to the algebra of linear operators in Fock












[z; : : : ] (A5)
while integration is the same as trace of operator
Z
f(x)! 2 Tr f (A6)
The elements of the algebra of functions on noncommu-
tative space can also be identied with ordinary functions
on R
2





































is the usual Fourier transform of f(x). The product of
two functions f and g which corresponds to the product
of operators
^
fg^ is given by the Moyal (or star product)
formula


























We also need a generalization of the concept of a Æ -
function to noncommutative space. In usual eld theory
Æ - functions are used to describe localized sources. But
because in noncommutative case the space is smeared
at small distances we cannot construct a truly localized
source. Direct application of transform (A7) to Æ
2
(x)
gives an operator which is spread out over all of space.
Therefore, the most localized source we can construct in




















Æ = j0ih0j (A11)
meaning that noncommutative Æ-function is in fact a pro-








and in  ! 0 limit we recover the ussual Æ-function.
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